We generalize the soft-wall and hard-wall models to a light-front holographic QCD model with a generic dilaton profile. The effective potential induced by a higher power dilaton profile is interpreted as a stronger color confinement at long distance, and it gradually evolves to the hard-wall model when the power increases to infinity. As an application, we investigate the exotic meson states recently discovered in experiments in the generic soft-wall model with a higher power dilaton profile, and the results are in agreement with the spectra of the exotic mesons. Our calculation indicates a weaker interaction at short distance and a stronger interaction at large distance for the components in the exotic mesons. The generic dilaton profile deserves further scrutiny for understanding the strong interaction and for applications.
IR cutoff should be imposed on the coordinate z. This cutoff is also understood as an energy scale, which breaks the conformal symmetry and induces the discrete spectra in QCD. At present, there are two methods, referred to as the hard-wall model [11] and the soft-wall model [12] , to introduce the IR cutoff. In the former method, a sharp cutoff is imposed at large distance, and one considers a slice of the AdS space 0 ≤ z ≤ z 0 with some boundary conditions at the IR border. In the latter method, a dilaton background is introduced as a deformation of the AdS space and effectively a smooth cutoff at large distance, but its profile is largely unspecified. Practically, a quadratic form is usually adopted. It can reproduce the Regge trajectory [12] [13] [14] and the massless pion in the chiral limit [8] .
In this paper, we prove that the hard-wall model can be viewed as the limit of the soft-wall model with the power of the dilaton profile tending to infinity. Then, as an application, we investigate the exotic mesons in the generic soft-wall model with a dilaton beyond the quadratic form, and the results are in good agreement with the experimental data of the exotic meson spectra. Therefore, the soft-wall model with a generic dilaton background is not only of theoretical interest but also of physical significance to understand the strong interaction.
Hadrons are eigenstates of the QCD light-front Hamiltonian H LF = P µ P µ = 2P
⊥ with the invariant mass square as the eigenvalues,
Quantized at fixed light-front time τ = (t + z)/ √ 2, a hadron state can be expanded on the Fock state bases as
where the integral measures are
The variables x and k ⊥ are respectively the lightfront momentum fraction and the intrinsic transverse momentum carried by the component. The coefficients ψ n/H (x i , k ⊥i ) are the light-front wave functions (LFWFs), which are frame independent. They encode all partonic information in the hadron. Then the mass square of the hadron can be expressed in terms of the LFWFs as
where U is an effective potential. With a Fourier transformation, Eq. (5) can be expressed in the coordinate space, which is more convenient to investigate the potential. One main purpose of the light-front holographic approach is to obtain the effective potential. As proved in the conformal limit [10] , the fifthdimensional coordinate z in the AdS space exactly corresponds to a Lorentz invariant light-front variable ζ, which measures the separation of the constituents in the hadron. For a two-body system, it is expressed as
where b ⊥ is the Fourier conjugate of the intrinsic momentum k ⊥ . Then, the eigenequation is expressed as
where the masses of the constituents are neglected. The φ(ζ) is the transverse mode of the LFWF:
Now the only remaining issue is to determine the effective potential U (ζ), which describes the confinement. In the hard-wall model, a sharp cutoff is applied,
It can be viewed as a relativistic version of the MIT bag model. From Eq. (7), one may find that the hadron mass spectra are given by the roots of the Bessel function M L,n = β L,n /ζ 0 [15] . It has an asymptotic linear behavior M ∼ 2n + L.
In the soft-wall model, a dilaton background ϕ(z) is introduced as a deformation of the AdS space. It explicitly breaks the conformal symmetry and induces an effective potential,
where J is the spin of the hadron. In practice, a quadratic dilaton profile ϕ(z) = κ 2 z 2 is usually adopted due to its success in phenomenology. However, the dilaton in the soft-wall approach is viewed as a smooth cutoff in the IR limit. Therefore, it should reduce to the hardwall situation at some limit. For this purpose, a generic dilaton profile should be introduced. For simplicity but still universal, we choose a dilaton profile as
In Fig. 1 , we plot the dilaton profile with different p. Then, the effective potential is correspondingly expressed as
where z 0 is a typical length scale defined as z 0 = 1/κ. One may observe from Fig. 2 that the potential in the short distance region z < z 0 decreases to zero with respect to an increasing value of p, while in the large distance region z > z 0 it gradually increases to infinity. Thus, it is natural to expect that the generic soft-wall model reduces to the hard-wall model, when p goes to infinity.
In the limit of p → ∞,
where θ(x) is the Heaviside step function with the convention θ(0) = 1/e. Correspondingly, a positive dilaton is expressed as
Then, the confinement potential is
which means an infinite high potential in the long distance region and no interaction in the short distance region. This is exactly the picture of the hard-wall model. The value at z = z 0 does not affect the solutions of the differential equation, since it is a null set. One may also view this procedure from the aspect of the eigenequation. Substituting the effective potential (12) into the Eq. (7), we rewrite the eigenequation as
wherez = z/z 0 . Obviously, the invariant mass square is proportional to κ 2 . In Table I , we list the eigenvalues M 2 n /κ 2 evaluated with different choices of p. One can find that the separation between the adjacent eigenvalues increases with the value of p. This is consistent with the Wentzel-Kramers-Brillouin (WKB) semiclassical approximation. In the limit of p → ∞, the eigenvalues converge to those calculated from the hard-wall approach with a cutoff at z 0 . Simultaneously, the eigenfunctions converge to the Bessel form φ(z) ∼ √z J L (β L,nz ), which is the solution in the hard-wall model. Thus, we prove that the soft-wall model with the generic dilaton background reduces to the hard-wall situation, when the power p in the profile tends to infinity. In other words, both the hard-wall and the soft-wall approaches are unified into a generalized soft-wall model.
As an application, we investigate the recently discovered charmoniumlike charged meson states, often referred to as Z states [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , together with their isospin partners, in the generalized soft-wall model with a dilaton beyond the quadratic form. We choose the dilaton profile with p = 6, which corresponds to an effective potential
Then, the invariant mass squares are solved from Eq. (16) . We should note that the charmoniumlike Z meson states are usually interpreted as the tetraquark states, which means their lowest Fock states contain four quarks, i.e., |ccqq , where q represents the light quark.
In this case, we cannot simply neglect the mass of the constituents, as the charm quark mass is comparable to a hadron mass. Thus, a mass shift ∆m is required. At present, there are many phenomenological models aiming to unravel the structure of these states, such as the molecule model [27] , the hadro-quarkonium model [28] , and the diquark-antidiquark model [29, 30] . In our calculation, the meson states are regarded as two-body systems, which means that the tetraquark state is divided into two clusters. Here, we treat each cluster as a twoquark system. Then, the mass shift is obtained from the mass of the cluster. We adopt the mass values of the cq system calculated in the soft-wall model [31] as m = 1.86 GeV for a scalar state and m = 2.02 GeV for a vector state. In our scheme, Z c (3900) [16] [17] [18] [19] , Z c (4020) [20, 21] , Z c (4200) [22] , and Z(4430) [23] [24] [25] are categorized into a series of radial excitations with J = 1, while Z 1 (4050) and Z 2 (4250) [26] are arranged into the excitations with J = 2. In Table II , we compare the theoretical calculations with the data of the spectra. In Fig. 3 , we show the tendency of the mass spectra with respect to the radial quantum number n. Our results are in good agreement with the experimental data. Therefore, the generalized soft-wall model with a dilaton beyond the quadratic form is not only of theoretical interest to unify the soft-wall and the hard-wall models but also of physical significance for phenomenological applications. This will enrich our understanding of the strong interaction. We should emphasize that our study does not refute the remarkable success of the soft-wall model with the quadratic dilaton profile. The choice of the quadratic form can reproduce the Regge trajectory and the massless pion in the chiral limit. It is also supported by the dAFF mechanism and the superconformal algebra [32] . Thus, the effective potential induced by the quadratic dilaton profile provides a good description of the interaction between a quark and an antiquark or that between an active quark and a cluster carrying the quantum numbers of an effective spectator. However, the conformal property of QCD is valid in the limit of zero quark mass. The finite quark mass inevitably breaks the strictly conformal symmetry, but it is important to reproduce the baryon properties, such as the spin structure [33] for the realistic hadron world. In this sense, some kind of generalization of the quadratic dilaton profile seems to be optional in some specific situations for describing the strong interaction in the AdS/QCD framework. Furthermore, the exotic mesons or the tetraquark states do not obey the Regge trajectory; nor are they viewed as Goldstone bosons in the chiral perturbative theory. Thus, these phenomenological results are no longer constraints on the choice of the dilaton profile when one investigates the exotic states. On the other hand, the effective potential induced by a higher power dilaton profile is interpreted as the interaction between two clusters, each containing two quarks inside. Hence, the effective potentials utilized here do not conflict with the usual one, as they describe different situations.
We also point out that the confinement potential from a higher power dilaton leads to a weaker interaction in the short distance region but a stronger interaction in the large distance region. This provides a physical picture that the clusters feel relatively weak interaction in the hadron, but when the separation increases, they meet a much stronger confinement. Thus, the generic dilaton profile meets the QCD basic properties of asymptotic freedom at short distance and color confinement at large distance.
In summary, we generalize the light-front holographic soft-wall model with a generic dilaton profile. We prove that the generalized soft-wall model reduces to the hardwall model in the limit of an infinite power. In other words, the soft-wall and hard-wall approaches are unified into one general model. As an application, we investigate the exotic meson states in the generalized soft-wall model with a higher power form of the dilaton background. The calculated results are consistent with the experimental data of exotic meson spectra.
